The problem of stability analysis is investigated for a class of state saturation two-dimensional (2D) discrete time-delay systems described by the Fornasini-Marchesini (F-M) model. The delay is allowed to be a bounded time-varying function. By constructing the delay-dependent 2D discrete Lyapunov functional and introducing a nonnegative scalar , a sufficient condition is proposed to guarantee the global asymptotic stability of the addressed systems. Subsequently, the criterion is converted into the linear matrix inequalities (LMIs) which can be easily tested by using the standard numerical software. Finally, two numerical examples are given to show the effectiveness of the proposed stability criterion.
Introduction
Over the past decades, the two-dimensional (2D) systems have received considerable attention due to their extensive applications [1] . The 2D discrete-time systems have been successfully applied to many practical areas such as signal processing, linear image processing, multidimensional digital filtering, seismographic data processing, water stream heating and thermal processes. To mention a few, the problem of linear image processing has been studied in [2] for 2D discrete systems based on the Roesser model (R model). Aiming at the design of the digital filter, the 2D discrete systems based on the Fornasini-Marchesini model (F-M model) have been discussed in [3] . Recently, the modeling, calculation, and stability of 2D discrete systems have been widely studied and a large amount of results on these topics have been published; see, for example, [4] [5] [6] [7] [8] [9] .
Saturation, as a common and typical nonlinear constraint for practical control systems, is often encountered in various industrial systems. The phenomena of saturations if not properly handled will inevitably affect the implementations of the designed control schemes and may lead to the occurrence of the zero-input limit cycles [10] [11] [12] [13] . Dynamical systems with saturation nonlinearities appear commonly in networks and 2D digital filter [14, 15] . When designing the 2D digital filter by using fixed point arithmetic, saturations are introduced due to the overflow and quantization. Recently, many important results on stability analysis of 2D discrete F-M systems with state saturation have been reported in recent literature; see, for example, [16] [17] [18] [19] [20] [21] . To be specific, by using the Lyapunov method and employing the property of matrix norm, some sufficient conditions have been presented in [16, 17] to guarantee the global asymptotic stability of the related systems. In [18] , an internally stable condition has been given for the design of 2D filters. By introducing a nonnegative scalar, in [19, 20] , the criteria based on linear matrix inequality (LMI) have been proposed to ensure the global asymptotic stability of F-M model. Recently, sufficient conditions have been derived in [21] to guarantee the global asymptotic stability of the addressed F-M systems with state saturation nonlinearities.
As well known, the time delays occur in many practical engineering systems [22] [23] [24] . The occurrence of the time delays would yield the instability of the controlled systems in some cases. So far, a great number of results have been reported; see, for example, [25] [26] [27] [28] [29] . In particular, considerable research attention has been devoted to the problems of stability analysis of 2D discrete time-delay systems. To be specific, by constructing an appropriate Lyapunov function and a scalar , sufficient conditions have been proposed in [26] for state saturation 2D discrete time-delay systems based on the R model. In [27] , the state estimation problem has been investigated for 2D complex networks with randomly occurring nonlinearities and probabilistic sensor delays. Accordingly, some sufficient conditions have been established such that the resulted estimation error dynamics are globally asymptotically stable in the mean square sense. To be specific, the problems of global asymptotic stability have been given in [30, 31] for 2D discrete F-M systems with state saturation and constant time delays. However, to the best of author's knowledge, there has not been much work undertaken on the global asymptotic stability for state saturation 2D discrete time-varying delay systems based on F-M model.
In this paper, we aim to investigate the problem of global asymptotic stability for 2D discrete F-M systems with state saturation and time delays. Here, the delays are assumed to be time varying with known lower and upper bounds. By constructing a delay-dependent 2D discrete Lyapunov functional and introducing a nonnegative scalar based on a row diagonally dominant matrix, a sufficient condition is proposed to guarantee the global asymptotic stability of the addressed systems. Subsequently, the problem of global asymptotic stability is converted into the problem of feasibility by solving the LMIs. Finally, two numerical examples are given to show the effectiveness of the proposed criterion. The main contribution of this paper lies in that new stability criterion is given for state saturation 2D discrete F-M systems with time-varying delays.
Notations. The fundamental notations used in the paper are given as follows:
and 0 denote the identity matrix and zero matrix with appropriate dimensions. For a matrix , stands for transpose of the matrix . > 0 means that is positive definite symmetric matrix.
Problem Formulation and Preliminaries
In this paper, we consider the following 2D discrete F-M system with state saturation and time-varying delays:
= 11 ( , + 1) + 12 ( + 1, )
where ( , ) is the -dimensional state vector and ( , ) is the 2-dimensional time variable along the vertical and horizontal
×2 , ℎ ( ) and V ( ) are timevarying delays along the vertical and horizontal directions, respectively. We assume ℎ ( ) and V ( ) satisfying:
where ℎ and ℎ denote the lower and upper bounds of the delay ℎ ( ) along the horizontal directions, V and V denote the lower and upper bounds of the delay V ( ) along the vertical directions. Throughout this paper, the superscript to any vector (or matrix) stands for the transpose of that vector (or matrix).
The saturation nonlinearity (⋅) is given by
with
The system (1) has finite initial conditions ( , 0) and (0, ) with fixed yet nonzero values for −ℎ ≤ ≤ and −V ≤ ≤ , and
where and are positive integers.
To proceed, we introduce the following definitions which will be used in the subsequent derivations.
Definition 1.
The origin = 0 of the 2D discrete time-delay system is said to be stable (in the sense of Lyapunov) if for every > 0 there exists a = ( ) > 0 such that
for all ≥ 0, ≥ 0, whenever ‖ ( , 0)‖ < (−ℎ ≤ ≤ ) and ‖ (0, )‖ < (−V ≤ ≤ ), where and are positive integers and ‖ ⋅ ‖ denotes any of the equivalent norms on .
Definition 2 (see [21] ). The origin = 0 of the 2D system (1) is said to be globally asymptotically stable if the following conditions are simultaneously satisfied:
(1) system (1) is stable;
(2) every solution of system (1) tends to the origin as + → ∞; that is,
Definition 3 (see [32] ). The matrix is said to be row diagonally dominant if
where
Main Results
In this section, we aim to investigate the problem of stability analysis for the 2D discrete F-M system with state saturation and time-varying delays. By resorting to the LMI technique, a sufficient condition is given to ensure the global asymptotic stability of the addressed system. 
Proof. In order to prove the global asymptotic stability of the 2D discrete F-M system (1), we construct the following Lyapunov functional as in [26] :
with 1 > 0, 2 > 0, 1 > 0, and 2 > 0 being matrices to be determined. According to Definition 4, the corresponding difference of Δ ( , ) along the trajectory of system (1) can be calculated as follows:
with Δ 1 ( , ) = 1 ( + 1, + 1) − ( , + 1) 1 ( , + 1)
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Noting (13)- (15), it can be derived that 
Denoting ( , ) = [ ( ( , )) , ( , + 1) , ( + 1, ) ,
we have
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Now, construct the following parameter :
− ( ( , )) ( + ) ( ( , )) .
The saturation region can be divided into two regions, and we have
Thus, we obtain
in Region 1,
Subsequently, due to the property of row diagonally dominant matrix , we have ≥ 0. Furthermore, note that is the sum of nonnegative scalars, and hence ≥ 0. Therefore, . (26) If < 0, then Δ ( , ) < 0; that is
Hence, for any nonnegative integer ≥ max{ , }, we have
It is clear that the sum of the Lyapunov functional is a decreasing function along the state trajectories of system (1). Then, noting the initial condition (0, ) = ( , 0) = 0, we have
Summarizing the above discussions, it can be shown that (11) is a sufficient condition which ensures the global asymptotic stability of system (1). This completes the proof of Theorem 5.
As special cases, if there is no time delay in system (1), that is, 21 = 0 and 22 = 0, or the time delays are constant, then we can have the following corollaries. 
then the origin = 0 of 2D discrete system (1) with constant time delay is globally asymptotically stable.
Remark 8. Note that the problem of global asymptotic stability has been investigated in [33] for state saturation 2D discrete system without time delay. Accordingly, a stability criterion has been derived in [33] but a positive diagonally matrix is needed to be searched. It can be easily seen that the stability condition in [33] is a special case of (30) in Corollary 6. Therefore, the stability condition proposed in this paper is less conservative than the one in [33] . Meanwhile, note that a stability condition has been proposed in [21] where an unknown matrix must be given firstly. The values of must take specific values. Compared with the results in [21] , we only need to find matrix . It concludes that the stability condition in [21] is more conservative than our result.
Remark 9.
It is worth mentioning that the delay-fractioning approach has been employed in [34, 35] to reduce the conservativeness of the time delay. It has been shown that the developed approach performs well when dealing with the time delay compared with other methods. Accordingly, some effective SMC/SMO schemes based on the delay-fractioning idea have been proposed for discrete time-delay nonlinear stochastic systems with randomly occurring incomplete information. Motivated by the results in [34, 35] , we are now researching into the stability criterion based on the delayfractioning approach for the state saturation 2D discrete time-delay systems. The corresponding results will appear in the near future. Moreover, note that the recursive filters have been designed in [36] [37] [38] for time-varying networked nonlinear systems with missing measurements. It is also interesting to consider the analysis and synthesis of 2D discrete nonlinear systems with state saturations and missing measurements.
Remark 10. It is worth noting that the conditions in Theorem 5 are not strict LMI due to the fact that the matrix = [ ] ∈ × is row diagonally dominant with nonnegative diagonal elements. Hence, the results of Theorem 5 and Corollary 6 are not convex which lead to the computational difficulties. In the following, an alternative approach is developed to deal with the nonconvex problem.
Let be -dimensional column vectors in which the th element is 1 and other elements are 0. Let be the set of -dimensional column vectors in which the th element is −1 and other elements are either 1 or −1 and ∈ ( ∈ [1, 2
−1 ]). Then, the condition where matrix
× is row diagonally dominant and the diagonal is composed of nonnegative elements can be equivalently converted into the following LMIs:
Together with (11) and (32), we can see that the proposed stability condition is a convex one and then can be easily solved by using the standard numerical software.
Numerical Examples
In this section, two numerical examples are given here to illustrate the effectiveness of the main results. 
The lower and upper bounds are given by ℎ = 3, ℎ = 1, V = 4, and V = 2. Solving the inequalities (11) and (32) in the Matlab environment, we can obtain 
Then, we can see that there exist the required matrices 1 , 2 , 1 , 2 , and satisfying LMIs (11) and (32) . As such, according to Theorem 5, the origin = 0 of system (1) is globally asymptotically stable which confirms the feasibility of the proposed main results. 
By using the Matlab LMI Toolbox, it can be easily verified that the following feasible solutions can be obtained 
That is, there exist the required matrices 1 , 2 , and satisfying LMI (30) . According to Corollary 6, the origin of system (1) is globally asymptotically stable which confirms the effectiveness of the presented results. However, it can be tested that the conditions in [33] are infeasible. Therefore, the result in our paper is less conservative than the one in [33] .
Conclusions
In this paper, we have discussed the problem of global asymptotic stability for 2D discrete F-M systems with state saturation and time-varying delays. By constructing the 2D discrete-time Lyapunov functional, a new stability criterion has been established to ensure that the addressed system is globally asymptotically stable. The proposed stability criterion is in terms of the LMIs which can be easily tested by using the Matlab matrix toolbox. Two numerical examples have been given to demonstrate the feasibility of the proposed stability condition. It is worth mentioning that the construction of the scalar has taken full effects from time delays with hope to reduce the conservativeness. One of the future research topics would be the extension of the proposed main results to more general state saturation 2D discrete systems as in [39] [40] [41] with network-induced phenomena.
